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We study two distinct 0-exact Seiberg-Witten (SW) map expansions, (I) and (II) respectively, up 
to e 3 order for the gauge parameter, gauge field and the gauge field strengths of the noncommutative 
U*(l) gauge theory on the Moyal space. We derive explicitly the closed form expression for the 
SW map ambiguity between the two and observe the emergence of several new totally commutative 
generalized star products. We also identify the additional gauge freedoms within each of the e 3 order 
field strength expansions and define corresponding sets of deformation/ratio/weight parameters, (k, 
Ki) and (ft, Ki), for these two SW maps respectively. 
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I. INTRODUCTION 


The 0-exact Seiberg-Witten (SW) map is an old and new subject in the noncommutative (NC) gauge field theory 
(NCGFT) on the Moyal space. Some results emerged immediately after the map itself [l]] was discovered [214271]. 
Applications to the perturbative noncommutative quantum field theories (NCQFT) started several years later. Till 
now it has been shown to be of grea t value for developing nontrivial variants of the NCQFT from both theoretical and 
phenomenological perspectives [28 h 43I ] . Yet most of them are restricted to the first/e 2 order of the 0-exact expansion 
only due to the complicatedness of (obtaining) the second/e 3 order expansion. 1 Recently a systematic construction 
of the 0-exact SW map expansion with respect to the powers of coupling constant e for abitrary gauge field theories 
on Moyal space was proposed in Q. (See also [i^] for its latest hybrid SW map extension.) This could trigger many 
further applications in the near future. 

The main aim of this paper is to continue the aforementioned important progress on the 0-exact SW map expan¬ 
sion ll| . Here we focus on two topics: First, the e 3 order SW map expansion for U+(l) gauge field obtained via the 
method in (Hj (denoted as SW map (I)) appears to be different from the early results 0, 34j (SW map (II)), which 
is not really surprising since it is long recognized that SW map is far from unique when defined as the map between 
noncommutative and commutative fields that preserves the smooth commutative limit and satisfies the consistency 
condition relations jl2l4l6l [aE l23l l46j : 

(1) 

( 2 ) 

( 3 ) 


SaA^ — A -\- z[A * , 

= z[A * = 6\F^ v \qj^ , 

A[[Ai, A 2 ],a jU ] = [A[Ai,a M ] * A[A 2 ,a M ]] + iS Xl A[A 2 , a M ] - ^a 2 A[Ai, a M ] 


The Moyal star (*)-pro duct used in the above is defined as usual. Besides possible connection by gauge transformation, 
there can be plenty of generic ambiguity/freedom/redundancy between two different gauge field SW maps. Still it 
gives rise to the question to which extent exactly are the two maps (I) and (II) different from each other. The 
ambiguity between the NC gauge field expansions can be characterized by looking at the composition of the first SW 
map expansion {Ai(a M , A), Ai^ (a^)...} and by the inverse {A 2 (A /J , A), a 2)l (A^)...} of the second SW map expansion 
{A 2 (a M , A), A 2 (i (a^)...} [ 23 . Consistency conditions then lead to the following equality in the case of the NC U*(l) 
gauge theory 

9^2 (Ai^ (a M ), Ai(a M , A)) = <5 A a 2(1 (Ai M (a M )). (4) 


* Electronic address: trampeti@mppmu.mpg.de 
' Electronic address: josipt@rex.irb.hr, youjiangyang@gmail.com 

1 Generically the ordering employed in this article is the formal power of field operators or the homogeneity in the fields [2^1 . The 
equivalent notation of coupling constant ordering is a consequence of the so-called U*(l) charge quantization issue and its resolution 
within the SW map approach [H, [27j. In this resolution [H, [27J the commutative field in the SW map expansion for a U*(l) theory are 
bundled with the commutative charge Qe in order to normalize the NC field to the quantized charges 0, ±1, which in turn induces the 
equivalence between the field operator and coupling constant power ordering. We use the name coupling constant ordering for its easier 
visibility in (front of) the equations. 
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It was further pointed out [22], [23| that such composition bears the following general form 

a 2 ^ (Ai^ (<v)) = fl/i + Af^(a^) + (5) 

A 2 {Aip (cl/j), Ai(a M , A)) =A + (5 A F(a M ), (6) 

where 6\X^(a^) = 0. Thus, the procedure to thoroughly distinguish these two SW maps would be to determine 
and Y(a^) explicitly. 

Second, a large class of SW map ambiguities (field redefinitions) was constructed in the past by iteratively adding 
commutative gauge covariant terms with free coefficients at the n-th power of to the known solution A® up to 
the same order [2f| 5a]. It is found that such redefinitions contribute to the field strength in the action which can help 
to cancel certain divergences in the perturbative quantum loop computations [32l . l47H5ll ] . These findings made such 
method highly favorable in the ^-expanded studies, yet it remains an open question how to generalize this procedure 
to the 0-exact approach since the iteration is based solely on the powers of and consequently gives no hint about 
how to re-sum over all orders of 9. Recently we observe that the e 2 order 0-exact expansion of the field strength 
for U*(l) gauge theory possesses a freedom by itself [52j: It contains a term invariant under the commutative gauge 
transformation. For this reason this term does not contribute to the consistency relation at e 2 order. One can then 
freely vary the ratio of this term with respect to the other term. The resulting deformed field strength operator still 
allows the usual quadratic action to be gauge invariant up to e 2 order. The e 2 order ratio coefficient can be shown 
to be the inverse of the (A-order iteration induced coefficient reported in the early works. This fact motivates us to 
consider such ratio parameter(s) a possible substitute for the iteration induced coefficient(s) in the 0-exact approach. 

In this article we study both topics mentioned above at the e 3 order. We first compare, up to the cubic order of 
the coupling constant e, two distinct 0-exact Seiberg-Witten map expansions for the NC U*(l) gauge theory: One 
obtained from Seiberg-Witten differential equation (I), and the other by inverting an early 0-exact inverted SW map 
solution (II). We give a closed form expression for the SW map ambiguity between these two map s and show that 
this ambiguity/freedom could contribute to the field strength. We then extend the procedure in [52] to each of the e 3 
order field strength SW map expansion, identify the gauge invariant parts inside each of the expansions and assign 
the corresponding ratio parameters. With the help from the new generalized star products found when studying the 
gauge field ambiguity, we are able to explicitly express each of the gauge invariant parts in terms of the commutative 
field strength too. 

The paper is structured as follows: In the second section we describe both 0-exact Seiberg-Witten map expansion 
solutions up to the e 3 order. The SW map ambiguity between these two SW maps is given explicitly in Section III, 
where we also demonstrate the emergence of several new totally commutative generalized star products within the 
expressions. Section IV is devoted to the freedoms within each of the e 3 order 0-exact gauge field strength expansions 
respectively. Discussions and conclusions then follow. In this article the capital letters denote noncommutative 
objects, and the small letters denote commutative objects. 


II. TWO DIFFERENT (9-EXACT SEIBERG-WITTEN EXPANSIONS UP TO THE e 3 ORDER 


A. Seiberg-Witten map (I) 


The first powerful method (I) to obtain 0-exact SW map expansion for noncommutative gauge theories on Moyal 
space is by solving the SW differential equations [E Il4| - ll6l I 22 I |23l,Idd],[45[ . For the NC gauge parameter (A), the NC 
gauge field (A^), and the NC gauge field strength (F fll/ ) of the U*(l) gauge theory, these equations read 




A(x) = *f a, a}, 

I A; *,* dj A/j, + Fj n | , 

{f,, *,* F„j } - {A, ** (ZW + dj) F IJV ] 


d_ 
dt 

=-r 


(7) 

( 8 ) 
(9) 


where the Moyal *-product with an additional parameter t is defined as: 

(<£*t ){x) = e% t0Z3d ? a i c/)(x + r))il)(y + £) = <j>(x)e^ te ' 3 d *ip(x). (10) 

Note that in the rest of the article this parameter t will be absorbed into the definition of 9 when not needed. 
The noncommutative covariant derivative is defined in the following way D ** = dj — i[Aj ]. By imposing initial 
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conditions [39j 

A (I) (x) = eA + 0(e 2 ) , A /1(I) ( x ) = ea M + 0(e 2 ), 

one can easily solve equations © and © at the e 2 order and obtain the following solutions 

2 2 

A {1 ) (x) = eX- y 9 13 at * 2 t djX + 0(e 3 ) , A^ (l) {x) = ea M - C — 9 XJ a t * 2t (0ja M + f jfl ) + 0(e 3 ). 
Then, the next order of the SW differential equations can be written down recursively 


dt 


A e (x) = —9^6 


kl 


joq ** d 3 (a fc * 2t <9;A) | + |a fc * 2t (Sicq + fu) A djA j 


(*) = 


fez 


A' ^'pji&k *2 t (^1(1^ T flfi )) 2( fjfc ~k2 t ffil CLi *2 t ^ 

+ { («fe *2 t (ftcq + /;*)) A (djffy + /jm)} ■ 


( 11 ) 

( 12 ) 

(13) 

(14) 


The * 2t -product is defined analogous to the * t -product, i.e. 


sin U fkiik. f 

<t>(x) * 2 t i>(x) = J <j>(xi)i/>(x 2 ) 

\ 2 ) 


(15) 


The fact that denominator is not scaled by t is crucial in solving the higher order SW differential equations [44|. On 
the other hand the t n ordering still remains the same as 9 n ordering because of the extra 9 13 outside the generalized 
star product (s). 

Since equations m and d- involve only {/ A (<?* 2t h)} type terms, in accord with technique from ;44j one can 
immediately introduce a new generalized * 3 '-product 


/• (cos 

[fgh\* 3 , = J dt' {/ A' (g * 2 t , h)} = ■ i — 
o A V 


, /dfOdg df6d h dgOdh 

1 \ 2 2 2 


) 


- i 


dfddg , dfSdh dgdd h \ f d g 8d h 


COS 


^ ^ OfSdg d f 6d h _j_ dgdd h ^ 


- V 


(16) 


( 


dfOdg , dfOdh | d g 6dh 
2 ' 2 ' 2 


)(«&) 


\f®g®h, 


for a universal expression of the e 3 order expansion. In this notation we find following 0-exact solutions for the SW 
differential equations up to the e 3 order: 


A (I) (x) = eA - —9 l3 ai * 2 djX + —9 l:1 9 kl aidj(a k diX) - d l Aa k (dia j + fij) + O (e 4 ) 


(17) 


Au m {x) = ea u - - 77 ° i:>a i *2 (dja^ + fj + ^—9 i: >9 kl f a i d j (a k (dia l j, + /; M )) 


-2 


d’iifjkfifj. o, k difj^) T (dja,^ - 1- fj^i)o, k {didi T fu ) 


0 (e 4 ). 


( 18 ) 
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B. Seiberg-Witten map (II) 


Another type (II) of 0-exact Seiberg-Witten map expansion [34j was obtained by inverting the solutions from [?}, 
the explicit expansion for A „ and A up to e 3 order is as follows 


A (n) (x) = eA - ^-e ij cn * 2 djX A ^-9 ij 0 kl 


+ *2 dj(dk *2 diX) 


- — 9 ij 6 kl 
2 


;(dk *2 (didi A fu)) *2 djX 


^k&iXdjdl A dkXdiO[dj A 0(e ), 

J *3 


(19) 


^JU(II) ( a; ) — ea /x 2 ^ J a i ' k 2 (djd^ A fjn) 


-e lJ e 


kl 


(Ufc *2 [&ldi A fli)} *2 i^jd^j, A fj/J.) “b di ^2 (^j (dk *2 [dldfj, A flfj,)) 


— *2 (3jaj + /zj))) — -a* *2 (<9fcaj *2 dza M ) 


( 20 ) 


+ — 6 ^ 6 ^ 
2 


didkd^i^djdi A fji) dkd^d^djdi 2dkd{d^djdi A 0(c ). 


J *3 


Clearly this gives the same the e 2 order solution as in the equations (flTl) and (TTSl) of the SW map (I), however the e 3 
order starts to show difference. The totally commutative * 3 -product [7f is defined as follows 


\f(x)g(x)h(x )] it3 = ( L (d jJ ed3 die(d2 l d3) + {1 2 } jf(x 1 )g(x 2 )h{x 3 ) 

The generalized star products * 2 , *3 and * 3 / are connected with star commutators by the following relations 

[fix) * g(x )] = ie 13 dif{x) * 2 %(a)> 

fix) *2 [g(x) t h{x)\ A g[x) *2 [f[x) *, h(x)\ = i9 t: >[dif(x)g(x)djh(x) A f(x)d i g(x)d j h(x)]i C3 , 


( 21 ) 


( 22 ) 

(23) 


[fix) 1 gix)* 2 h{x)\ = -[h{x)dif (x)dj g(x) A g(x)d i fix)d j h{x) A d i f{x)d j g{x)h{x) A d i f{x)g{x)djh{x)\ i , a ,. (24) 


Here we see that there are extra derivatives in the generalized star product formula for the star commutators, which 
provides the opportunity to ’’integral over” the infinitesimal transformation diX —> di. Note also the difference between 
*3 and * 3 / products: * 3 / helps realizing the [f(x) * g{x) *2 h{x)] structure, which takes place in the infinitesimal 
commutative gauge transformation of the SW map expansion of the NC U*(l) gauge field in terms of commutative 
U(l) gauge field; while *3 realizes the /( x) *2 [g{x) * h{x)\ which is typical in the the inverse SW map expansion of 
the commutative U(l) gauge field in terms of the NC U*(l) gauge field [7]. 


III. THE 0-EXACT SEIBERG-WITTEN MAP AMBIGUITY AT THE e 3 ORDER 

The two e 3 order Seiberg-Witten map expansions presented in the last section look quite different although they 
bear similarity to the certain degree: They both start at the order 9 2 and bear similar tensor structure. It is not hard 
to show that they are indeed not equal to each other by, for example, inspecting the 9 2 and 9 4 order expansions of each 
solution. Therefore certain ambiguity structure should exist between those two solutions. In this section we compare 
these two 0-exact SW maps up to the e 3 order given in section II in detail. Following the arguments in [22|, HH , we 
consider the composition of one of the SW map and the inverse of the other. Now, since SW map (II) were derived 
from a 0-exact inverse SW map expansion in 7|, we choose the original inverse map of (II) for the ambiguity analysis 
outlined in the introduction. This inverse SW map expansion is as follows 

X (II) (A /i ,A) = A + ±0 i3 (A i * 2 d j A + 0 kl [d i dkAA j Ai + d i AA k d j A l ]^+O(A 3 )A, ( 25 ) 

a M(ii) =J ^ii A 2 ^^ *2 i^i^n + Fjp) + @ kl [ — AidkA^idjAi A Fji) A didkA^AjAi A dkAid^AjAf) A 0{A 4 ). 

( 26 ) 
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Now expanding the compositions A (n) (A^ (a^), A (I) (a M , A)) and a M(II) (A At(I) (a^)) up to the e 3 order, we find 

\n)( A M(i) (“/*)> A a)( a M> A )) = eA(x) + Af (x) - (x) + 0(e 4 ), (27) 


a 


3 

M(i) v 


M ( ii, ( A M(d («m)) = ea n( x ) + A l m ( x ) - (*) + C ’^ 4 )' 


e 3 

>(II)' 


(28) 


Note that the e 2 order vanishes as expected. Equations (0 and @ in the introduction then indicate that the (I) 
minus (II) differences at the e 3 order should bear following expressions: 


< (I) (*) - A°* nn (®) = Xf (x) + d,Y* 3 (x) , A£ (x) - (x) = d A F e3 (x). 


M(II) 


(I) ' 


(II) ' 


(29) 


In order to find solution for the explicit forms of XJj (x) and Y e (x) , we first Fourier transform A e (x) into a momentum 
space quantity A e (p, q, k ): 


K (P,Q,k) = ~ 


t (fc)^(d(p)0g) (a(q)Ok) Mi + (a(p)0a(q)) (qdk)M 2 + ( a(p)dk ) (a(q)dk)M z 


+ k^[(a(p)dq) (a{q)6a(k))+ ( a(p)da(q )) (qda(k))M 5 + ( ci{p)da{k )) ( a{q)dk)M^j 

Then from equations 03 to (1201) we read out the coefficients s for the SW maps (I) and (II) respectively: 

qOk pdk p6q ' 


(30) 


„ , . (pdq p9k qdk \ 

M i(D = 4 /*a' \ -2 ~> —. —J + 4 /* 

M _ 4f (P 6( l P° k ( -l 6k \ 

M M - 4/* 3 , , —, — J , 

pOq pdk qdk 


= -3 /*„ -2/,„ ( 


2 ’ 2 ’ 


qdk pdk pdq 


= —2 M 2(i) , 


(31) 


p(9g pdk qdk 


M$ (i) 2/* 3 , I o 1 o ’ o ) f*3' ( o’ o’ o 


qdk pdk pdq 


M , fp0qpdkq6k\ (qdk pdq pdk 

6<I > J * 3 ' ^ 2 ’ 2 ’ 2 y J * 3 ' V 2 ’ 2 ’ 2 


2 ’ 2 ’ 


and 

-^l(II) = 8 /*2 
-^3(1!) = 8/*2 


?) A, (l^A) + 8/., (?) A, - 8A, (???) = -2M 

/p(9(g + fc)\ /pdg p0A: qdk 

—J 1*2 1 2 J ~~ k * 3 l ~2~’ T" 


(in ’ 


M 1( ,„ = -4/, a (?) /. 2 (<?M) - 6/.. (?) /., (?&ti) 


8/ 


*3 


pdg pd/c gdfc 

~’ _ 2 _ ’~ 


(32) 


Ms (ai = 2/* 2 ( ^ ) /* 2 




(p + <?)0fc 


+ 


4/., (?) A, (5^) 


M 8( ,„ = -4/„ (?) a 2 ??? - 2A, (?) A 2 ( 


qd(p + k ) 


The functions /* 2 (a), /* 3 (a, 6, c), and /* , (a, b, c) are defined as below: 

sin a 


/* 3 («> b , c) = 
/*,/ (a, b, c) = 


f *2 («) = 

a 

sin b sin(a + 6) sin c sin(a — c) 

(a + 6)(6 + c) (a — c)(6 + c) 

cos(a + b — c) — 1 cos(a + b + c) — 1 


(a + b — c)c 


(a + b + c)c 


(33) 

(34) 

(35) 
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From equations m and (l32l) we observe that under the permutation q «->• k: 

M 5(i,u) = - M 6 (IjII) (9 k) , 


(36) 


which indicate that the M$ (I n) and Mq (1 n) (and part of the n) ) contributions could be made equivalent to two 
appropriate infinitesimal NC gauge transformation(s) respectively 


Kv* (*) = Km (*) + (*) = Khi.u) (*) + ^ S (UD (*) + (°)( e4 )' 

with the rest of the gauge field A'jf n (a:) bearing the following form in the momentum space: 


(37) 


A' e 


( 1 , 11 ) 


■Ak)((a(p)0q) ( a(q)0k)M 1(I U) + ( a(p)0a(q)){q0k)M\ 
(a(p)6k) (d{q)9k) M^ (IJI) ) + ((d (j>)0d{q)) {q9d(k))M '^ n) ) 


The above gauge parameters U) (x) have been found explicitly for both cases, the (I) and the (II), 


'—' e 

'(i) 


3 

(x) = 6 l3 6 kl (2 [aidja k ai}^ 3/ + [aidja k ai ) + 0(e 4 ), 


S®n) (x) = ~—9 ,,J 0 M \2(ai*2djah)*2ai+ai*2(djak*2ai 
respectively. It also turns out that the coefficients M 4 satisfy: 


)) + ^(e 4 ), 


Ml , = -Mi 


hen) 


a,nr 


Meanwhile, the p -n- q permutation symmetry of the (a(j>)0k)(a(q)0k) term, leads to Mg (I : 

2M 3(i,n) = M 3 ( i,ii) \Pi <h k] + M hl u) [q,p, k\, 


(38) 


(39) 

(40) 

(41) 

(42) 

which further simplifies (1551) . 

Finishing all above transformations we now examine the remaining difference W^x) = A 1 ^ (x) — A'£ (a;) in 

momentum space: 


W — A ,e3 — A' e3 — p 3 


a k ,{k)[{d{p)9q) (d(q)9k)W 1 - ^(d{p)0d(q))(q9k)Wi 
( 1 a(p)9k ) (d(q)0k)W 3 S ) - k ll (^(a{p)9d(q)) (q9d{k))^jWi 


(43) 


where 


rir PM 
W ' = — 


p6q pdk q0k \ / pdq p9k q9k \ p9q p9k q9k f p9q p9k q9k 

~2 - T + — +———M — »— ;° 


222 


2 2 ’ 2 


= 2^3, (44) 

q0p 


with functions /i(a, b, c) and / 2 (a, b, c;n) having relatively complicated structures 


fi (a, b, c) = 


cos (a + b + c) 


+ 


cos(a + b — c) 


4 \ (a + b) {b + c)(a + c)(a + b + c) (a + b) (b + c) (a — c) (a + 6 — c) 
cos(a — b + c) cos(a — b — c) 

(a — b)(b — c)(a + c)(a — b + c) (a — b)(b + c)(a — c)(a — b — c) 


(45) 


(a + b + c) (a + b — c) (a — b + c) (a — b — c) / 


/ 2 (a, b, c; n) 


a 2n cos a sin b sin c 
6 c(a 2 — 6 2 )(c 2 — a 2 ) 


6 2n sin a cos 6 sin c c 2n sin a sin b cos c 

ac(a 2 — 6 2 )( 6 2 — c 2 ) ofe( 6 2 — c 2 )(c 2 — a 2 ) 


(46) 
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One can immediately observe that functions f± and / 2 are both completely symmetric under any permutation over 
a,b,c. This enables us to express the relevant part W p {x) of the difference between two 0-exact SW maps (I) and (II) 
via two new generalized entirely symmetric 3-products cq and o 2 (n): 

\fgh)M = I e-^ +k ^f(p)g(q)h(k)fi , (47) 

[fgh\ o 2 (n)(x) = J e~ l{p+q+k)x f(p)g(q)h(k)f 2 yq yqnj . (48) 

After reformulating the inverse fourier transformation of (1431) in terms of Oi and o 2 ( 0 ) products and some lengthy 
rearrangement of the fields and (the rest of) the indices we find following expression for W fl (x) in terms of Oi and 
o 2 (o) 3-products: 

w^x) = ~e^e kl e pq e rs ^[d r f ip f jk d s d q fi^] 01 + [d r f ip f jk d s dif qil ] 0l + [d p f ri d q f jk d s f ^\ 0l 

+ j6 ab 9 cd [i dpdafridgdcfjkdsdbddfip ] O2(0) + dp, ([dpfirdqfjkdsa^ + 2[d p d r a i d q d j a k d s ai] <>1 (49) 

_ -L e ab 9 cd (3[d p d„d r aid q d c d j a k d s d b d < iai ] <>2 ( 0) - [d p dadia r d q d c dkajd s d b ddai] o 2 ( 0 )))Y 


Note that both /i(a, b, c) and / 2 (a, b, c, n) have smooth 9 —»• 0 limit as expected. Consequently Wp(x) will end at the 
9 6 order if we expand 3-products Oi and o 2 ( 0 ) to their lowest order only. Finally, we add (dpE (i)^)-^S(n) (a?)) back 
to the Wp{x) and obtain explicit solutions to the equations E51) : 

Xf(x) = - ^-9 l3 9 kl 9 pq 9 rs ([d r f ip fj k d s d q fi l _ l ] <>1 + [d r f ip f jk d s dif q p\ 01 + [d p f r id q f jk d s fip] 01 

® V . (50) 

+ -9 ab 9 cd [dpdafridqdcfjkdsdbddfip]^^ J, 

3 6 ^ / \ 

F e (a;) =—9 l °9 kl [2 [aidja k a,i + [a^afca/]^ - 4 (a* * 2 <9j<z fc ) * 2 aj - 2cii * 2 (<9ja fc * 2 a;) J 

- e —Q l 3Q kl QP c iQ rs ([dpf ir d q fj k d s ai] 01 + 2[dpd r a i dqd j a k d s ai] <>1 (51) 

- -^9 ab 9 cd (3[d p d a d r aid q d c d j a k d s dbd d ai ] <>2 ( 0 ) - 

The simple structure for the ambiguity between two gauge field SW maps at the e 3 order (l29jl leads to the following 
result for the gauge field strength difference/comparison 

- *£<„,(*) =dpXf(x) - d„xf(x) 

=^9 13 9 kl 9 pq 9 rs ^[d r dpfp. l dqf 3k d s f v i} <>i - [d r d p fp l fj k d s dqf v i] <>i + [dpfp i d r f jk d q d s d q f iy i\ <>i 

+ [drfpidsdjfpkdsdqfvll^ - [drfpidjfpkdsdqfvl]^ + [fpidrdjfpkdsdqfvl]^ 

+ ^9 ab 9 cd ([ dpdrdafpidqdcfjkdsdbddfvl ] O2(0) + [dpdafrzdqdcdjfpkdsdbddf^]^^ ^ 

+ e ^9 kl 9 pq 9 rs [2\d r fp i f jk d s d q d l fp V \ <>i - [drfpidjjkdqdtfp^ 

- ^9 ab 9 cd [drdafpidsdcfjkdqdbdddifpv]^ ). 

(52) 


Clearly the Y e (x) related terms drop out, leaving (15^1) containing only the U(l) gauge field strengths. 


IV. THE (9-EXACT GAUGE FIELD STRENGTH UP TO THE e 3 ORDER 

In the last sections we examined the SW map ambiguities between two known gauge field expansions. This section 
focus on another type of freedom within each of the two field strength SW map expansions. Our motivation is to find 


certain 0-exact alternative of the earlier 0-iterative freedom parameters. In past majority of the studies on SW map 
ambiguities follows the 0-iterative field redefinition procedure in [H,[46j]. At 9 1 order this procedure introduces the 
following correction to the gauge field expansion [32] 

(53) 

which then gives the following gauge field strength correction, 

= D^ v - (54) 

and consequently modifies the action into 

sf el = j e 2 e^r (fvifvj ^ fiif ■ (55) 

To find a 0-exact alternative of (l55l) we first study the e 2 order held strength SW map expansion. Gauge held 
expansions A^ (I) (:r) and (x), from (fl8l) and (l20l) respectively, lead to the same noncommutative U*(l) gauge 
held strength expansion up to the e 2 order 

F^(x) =effj, v + e 2 9 lJ [fpi * 2 fuj - * 2 djf + 0(e 3 ) . (56) 

On the other hand, at the e 2 order, the general consistency condition for the gauge held strength 


SxF^ = i [A * F ^), (57) 

becomes 

SxFf v = ie 2 [A 7 f ^\. (58) 

Examining the gauge held strength (l56l) we find that the variation of the first term at e 2 order, e 2 (9 y _//« * 2 / 1 / 7 , vanishes, 
therefore the consistency condition (1551) is fulfilled solely through the second term — e 2 0* J 'o» * 2 9j f]iM as 

<5 a (-e 2 6 ij ai * 2 djf^) = -e 2 9 ij di\ * 2 = ie 2 [A * (59) 

thanking to the relation between the * 2 -product and the ^-commutator (1221) . This observation promotes us to put 
an arbitrary parameter n in front of the term e 2 0 y * 2 fvj in equation (1561) since this does not break the e 2 order 
consistency condition ([58]) . Such a procedure leads to the re-deformed gauge held strength up to the e 2 order 

F„. v (x) K =ef^ + e 2 0 y (k * 2 fvj - a% *2 djf^Sj + 0(e 3 ). (60) 


Restriction of the F lll/ (x) K , to the 9 l order gives 

F^(x) e K =e 2 9 10 - aidjf^ . (61) 

Also the deformed action at the 9 1 order reads 

sf 91 = -J e 2 ^r (fUiUj - \fijf^ • (62) 

Here we see that the b correction (l54l) to the gauge held strength does not match the re correction in (1511) . However 
the b and re corrections are instead connected by the (inter-)actions since the re and/or a = 1 + b present the ratio 
between two gauge invariant terms in an inverted fashion. For this reason we consider re deformation as a possible 
substitute for the b (a in literatures) modihcation in the 0 -exact approach. 

To extend the re deformation to e 3 order we must handle the effect of re in the e 3 order consistency relation as well 
as the identification of possible new gauge invariant terms. This can be done by solving the consistency relation 


Ff v (x) K =ie ( 

A 6 ' 7 ffiv 

=ie ^ 

A e2 * 


A t *£(*)«]) 

A * e 2 9 lJ *2 fvj - a» * 2 djf ) . 


(63) 


We start by observing that both SW maps in section II satisfy the e 3 order consistency relation (1551) when re = 1, 
i.e. without the re-deformation; then identify, within the undeformed noncommutative field strength F^ (l U) (x), those 
terms relevant to the to-be-deformed term i9^ [A * f^i *2 fvj] and make them re-proportional. We also search for 
possible re-unrelated freedom/ambiguity in the undeformed noncommutative held strength. 
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A. Gauge field strength from the Seiberg-Witten map (I) 


The easiest way to determine the gauge field strength corresponding to the gauge field A M(I) ( x ) is by solving directly 
the Seiberg-Witten differential equation for the gauge field strength [l] 


1 


2{f)„; V iv,'} - {Ai V (2 djFpv - i [A, V- i^] ) } 


jt F ^=r 

which, at the e 3 order yields 

^v m i X ) = ~ 2 ^ {[f+ [, fvlf/iifkj ]* 3 ,) - + [//Ad*^7'/"Z]* 3 , + [ a fc<9z (fbiifvj)] 


* 3 ' 


T [U'/tl'y d k ( 9 / "b [ 0 / finjG’iOj (If:) “b [UfcU ? ;( 9 / ffiu] ^ [d/Hfcdj d[ fl.lv] ' fhfpudjOkdf ^ 


(64) 


(65) 


Here we notice facts. First is that among all above terms in the equation (1651) . the first two in the first line are 
manifestly invariant under the commutative gauge transformation and antisymmetric under the permutation, 

therefore could be a subject to the free variation, i.e. associated with new deformation (weight) parameter k\. 

Next considering the next three terms in the first line of (1^51) . with the help of (Effl) we find out that the sum of 
these three terms together satisfy the following transformation property 

8\^9 Z3 9 kl ([fviaidjf^kl^, + [.fukdidjfvi ^ + [a k di (/ M i/^)]* 3 ,) = -iO kl [X * f^ k *2 fvi\ ■ (66) 

Thus, the second fact is that they are relevant subject for the re-deformation at the e 3 order. 

These two facts lead us to an extended (re, rei)-deformation of the field strength (HO): 

Kl ([fnkfviflj]^, + [fvlfliifkj]*^ 

— K (lfvl a idjf/J.k\+ 3l + \fnk a idjfvl\+ 3 , + [a k dl 

T [^idjCL k dlffj,u\^ 3/ T \plffivCLidjCLk\+ 3/ "b [dfcdjC^f)j f 2 ^ liv \"b \&lf ^ 

(67) 


f: 




{x) K<Kl = ^T0 ij 9 kl 


e J 

~2 


B. Gauge field strength from the Seiberg-Witten map (II) 

Next we consider the e 3 order 0-exact gauge field strength from ( x), which can be expressed as below 


*3 


(*) = e 6 o^o kl [Ui * 2 (f jk * 2 f lv ) + f lv *2 (f jk *2 Ui) - [UifM 

((dz *2 djfpk) *2 fvi + (di *2 djfvi) *2 f[ih [^idj^fp, k fvl )\* 3 ) 

0 >i ^2 dj (/fik *2 fvi) ~b (dz *2 dj(l k ) *2 ^iffiv (68) 

“b d i ~k2 [djd k *2 dif^v) ~b d i ^2 (d k *2 djdifp V ) flidjdkdifpv \+ 3 

7^ ^d^ '^2 [d k d j '*2 Oj f/iv ) “b (d i *2 d k dj) X 2 ft/ fin/ [dtOk/lj di fpv\ *3 "b [djd^Oy ( 9 / fjiv] *3 ^ 

Using the basic relation C3l) we can show that the infinitesimal commutative gauge transformation of the parentheses 
in the second line of (1S51) 

8\9 l3 9 kl ((ai * 2 djffj.k) *2 fvi + (a i *2 djfvi) *2 f^k - [aidj(fp, k fvi)]* 3 ) 

= 9 l3 9 kl (diX * 2 djf» k ) *2 fvi + {diX *2 djfvi) *2 U - [diXdj (f^fvi))* 3 ( 69 ) 

= * ([A * fk-k] *2 /i/Z + [A * /!//] *2 ffj,k + /i/! *2 [j)ifc t A] + ffj.k *2 [/i>Z ? A]) = 0 
vanishes. One can further turn this parentheses into a manifestly gauge invariant form with the help of the 3-products 

*>2(71)'- 

9 X 3 9 kl ((di * 2 djf^ik) *2 fvi + (di *2 djfvi) *2 / M fe - [aidj{fi J , k fvi)\* 3 S ) = ^ 9 l 3 9 kl 9 pq 9 rs [\f pi d j d r f^ k d q d s f u i} <>2{1) 


1 


^0 ab 9 cd [< dpdafridqdcdjf^kdsdbddfvi + dpfirdqdadcdjf^dsdbddf + dpfirdqdadcdjf^dsdbddfpk)^^ 


(70) 
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therefore we conclude that that the first two lines in (l68l) do not contribute to S\Ff u . Among the rest of the terms, 
we notice that the first one is compatible with the ^-commutator, since: 


S\ (- e ij e kl ai *2 dj (/ Mfc *2 U)) = ie kl [a * * 2 M . 


(71) 


Thus, this term alone gives the formal NC transformation of the fully commutative gauge field strength term f^-k 2 

f V j at e 3 order. Therefore multiplying equation (1711) by the k parameter ensures the compatibility at the e 3 order. 

It is also straightforward to notice that two more additional free variation could be performed on F^ v ( x ) via 
multiplication of the manifestly gauge invariant first two lines of equation (1681) by two new deformation parameter 
k[ and k 2 , respectively. This way we obtain the the (k, k ' 2 )~deformed extension for the gauge field strength at the 


^ m ( x U^ = e 3 e ij 0 


, 1 


kl 


(jpi *2 (fjk *2 flu) + flu *2 (fjk *2 flii) [fjkflu\^ 3 ^ 


-6 pq 0 rs ([fpidjdrf^dqdsfvi]^^ + -d ab d cd [ dpdafridqdcdjf^kdsdbddfvi 

+d p f ir d q d a d c dj f^kdsdbddfvi + d p fird q d a d c djf v id s d b d d f fJ ,k\ <>2 ( 0) ) 

tidi 7 *r 2 dj (,ffik 7 * r 2 fui) “1“ ^2 dj&k) ★2 dlf^jy H - CLi 2 (djClk *2 dlf^is) H - CLi *2 (p*k *2 djdlf/iu) [flj djCLkdlf(iv \*3 

- 2 (a* *2 ( d k aj * 2 difnif) + (a* *2 d k aj) * 2 dif^ - 3 + 


Inspired by the form of (1721) . we add and subtract di* 2 dj (fp k *2 fui) in (ESI), then assign k to the di* 2 dj (fp k *2 fui ) 
term, and assign new parameter k 2 to the sum of the terms {[fuiaidjfpk] + [fftkaidjUl]* + [a k di (fpifuj))^, - 
2 di * 2 dj (fpk *2 fui))- This way (1671) is generalized into essentially the same form as the equation (1721) . This leads to 


= -o ij e 


kl 


K\ ( [ffjkfuiflj]* H - [fulf/iifkj\^ j KCLi *2 dj (f^k *2 fui) 


J 3 \ *0 


(73) 


(74) 


K’2 ([fvlQ'idjffj,k\ i '^ / + \ffik^idj ful\^^ r “t - [tikdl (f^ifuj )]* 3 , *2 ^7 {f/j,k *2 

+ + \di ffn/CLidjCi]^^^ + \P'kO'ididjfijis\_ k ^ di fnu \* 3/ H - \di f^uciidki 

Note that the K 2 proportional part can be expressed as follows using diamond <>i and <> 2 ( 0 , 1 ) products, 

([fvl a idjfi_ik\ 7 i rs/ H” [ffik^idj f + [&kdl {ffiifuj)\^ 3/ *2 <9? (//xfc *2 ful)^J 

= ^0 kl ep q 9 rs (^[f pi d j d r fp k d q d s u) <>2il) - [d r fad'd, fad'd,f*]^ + [drf^f^dsdj^ 

- [fpid r djf IJ , k d s d q f u i] <>i + ^e ab 0 cd (jdpfirdqd a d c dj fpkd s dbd d fvi + d p f ir d q d a d c d j f v id s dbd d fp, k \ <>2 ^ 

Using (l44l) one can show that difference between first two terms in (l65l) and the first line in (l 6 Sl) becomes 

2 (ifvkfuiflj]+ 3l + [fulfpifkj ]* 3 ,) — (/m* *2 (fjk *2 flu) + flu *2 (fjk *2 fpi) — [fpifjkflu]^ ^ 

= ^O 13 6 kl 0 pq e rs ([drdpfpidqfjkdsful]^ - [drdpfpifjkdsdqful)^ + [dpfpidrfjkdqdsdqful]^ 

+ ^e ab 8 cd [dpdrdafpidqdcfjkdsdbddfui)^^ ) • 

Consequently the difference between equations G3D and (El in the case without k, k, and ^'-deformations, that is 
for k = Ki— 1,2 = n'i-i 2 = 1 ) gives exactly equation (l52l) 2 . proving consistency of our computations as it should. 


(75) 


2 The rest of the terms in JED and (72f l receive no deformation, they all contain therefore arise when the partial derivative d^( u ) hits 
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V. DISCUSSION AND CONCLUSION 

In this article we study the e 3 order 0-exact Seiberg-Witten map expansion of U*(l) gauge field theory following 
an important recent progress in solving the 0-exact SW map expansions for arbitrary gauge groups/representations 
[3, Eg- We first focus on the ambiguities between two distinct 0-exact SW map expansions: First expansion (I) is 
obtained by solving Seiberg-Witten differential equations 0-exactly [l], |44j , the other (II) by inverting a known SW 
solution [7[]. Since the maps relate NC gauge orbits with ordinary ones, there are two types of freedoms: generic 
redefinitions or gauge transformations of the NC gauge fields, only the former will contribute to the dynamics. The 
redefinition freedom should be, and it was, taken into account when dealing with pathologies in the photon and 
neutrino two-point functions |40|, |52|. We then use/apply these two SW map expansions up to the e 3 order to study 
the corresponding field strength expansions and discuss the gauge inspired freedom/deformation parameters in each 
of the field strength expansions. 

In the first part of the study, we manage to determine the ambiguity between these two maps explicitly and subject 
it into the standard form given in [22|, |23| and show that the difference of these two SW maps for the gauge field 
at the e 3 order (15^1) is generic instead of not just gauge transformations. We find that SW map ambiguity between 
these two U*(l) gauge field expansions is decomposed into totally symmetric momentum structures which have lowest 
order at the 9 A or 0 6 , which means that the the ambiguity can be expressed in terms of several commutative (yet 
non-associative) 3-products. This crucial decomposition enables us to perform permutation and relabeling within 
the commutative 3-products and obtain the 0-exact expression for ambiguity in terms of commutative field strength 
as shown in the section III. Our observation thus indicates that at the e 3 order (even just) the U*(l) SW map 
expansion can possess much profounder structures than the prior order. 

The next stage we extend the e 2 order gauge field strength deformation parameter re [52j to the e 3 order. We 
identify that part of the e 3 order gauge field strength should be multiplied by re to keep the consistency condition, 
while there are other parts which are invariant under the commutative gauge transformations by themselves, thus 
each of them can be varied independently like the re proportional part in the e 2 order. This promotes the introduction, 
alongside re, new parameters req^ and re) 2 for maps (I) and (II) respectively. Each pair of re(re')i proportional parts 
bear identical structure at 9 2 order, yet they differ from 9 4 order on. The difference between each Ki and re' pairs can 
be put into a relatively compact form using the generalized star products Oi, o 2 ( 0 ) and <> 2 (i) defined in section III. 
The total difference matches the result (1521) derived from gauge field ambiguity when all deformation parameters are 
switched off. 

Besides its own manifestness, results on the gauge field strength expansion in this paper can enable the construction 
of 0-exact, and (re, Ki) and/or (re, re') -deformed U*(l) gauge theory (pure noncommutative Yang-Mills gauge theory 
action) up to the four-photon coupling term, which should then lead to the completion of the one-loop photon 
two-point function computation started in [40( by adding the four-photon tadpole diagram contributions. We hope 
that, like the re parameter in the bubble diagram contribution to the photon polarization tensor [40| . exploring 
the extended deformation freedom parameter space (re, re*) and/or (re, re') would provide enough control over the 
pathological divergences in the four-photon-tadpole diagram. The same term should also contribute to the NC 
phenomenology at extreme energies, for example tree-level NCQED contributions to the 2 —>■ 2 scattering processes 
like 77 -a 77 etc. [53l45G| . 

Knowing the fact that prior studies based on * 2 -product have given rise to profound pathologies in both theory 
and phenomenology, even more with the presence of the gauge freedom parameter re I38l - l40l |43j ] , we positively expect 
that our work in this article will form a universal basis for future studies on the various potential physical effects of 
the generalized star products and the higher order gauge freedom parameters re^s and re's. 

Finally it worths notice that despite its profound nature our study on the SW map ambiguity in this paper 
limits to only two distinct SW map expansions. There should be still many other variants available. The current 
methods for solving SW map(s), for example open-Wilson line operators string/D-brane inspired analysis [~p. [§[- 
E3, Batalin-Vilkovisky (BV) formalism and (generalized) Seiberg-Witten differential equations p34l6l, [22 [ [23 l [44], |45| 
etc., are extremely powerful in finding specific (sometimes closed form) solutions, yet normally does not provide us 
all possible maps simultaneously . 3 SW maps also relate Morita equivalent star products on Poisson manifolds, their 


the gauge field carrying external index respectively. One can show that they equal to the terms containing in (|52|) following 

the procedure exactly identical to the section III. 

3 The Kontsevich formality based approach [l3| does capture ambiguities in the SW map: They are related to (formal) changes of 
coordinates. (See the discussion in the context of the somewhat cryptic Fig. 1 in ref [l2|].) This procedure essentially produces all 
possible maps, yet it is difficult to derive the explicit expansion(s) needed for practical purposes. We are particularly grateful to Peter 
Schupp for comments on the Kontsevich formality approach and the connection between SW maps and the Morita equivalence among 
star-products. 
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non-uniqueness can be understood as a local gauge freedom in this context [gj, [l2j, which may help to understand the 
background (in-)dependence of the string theory. It would be delightful to see any progress alone this line in the near 
future. 
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